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ABSTRACT
The turbo equalizer (TEQ) is a baseband signal processor that combines the tasks of channel equalization and
channel decoding in a closed loop by using turbo principles. The basic objective of a TEQ is to take care of
interference in a communication system arising due to a host of reasons and correct the random errors caused
by additive white Gaussian noise (AWGN) simultaneously. All the TEQs reported in literature can be broadly
categorized into three types; the trellis based equalizers, the apriori aided minimum mean square error (MMSE)
filters and the soft interference canceller (SIC) type of filters. Pivotal to the operation of all the TEQs is the flow
of the extrinsic information between the equalizer and the channel decoder. The extrinsic information is the
information about a given bit available by the use of knowledge about other bits in a transmitted data stream.
Most often, the extrinsic information is modeled as a Gaussian random variable. However, a generic
mathematical model capturing the operations of a TEQ seems to be missing in literature. It is with this
motivation that we propose a suitable mathematical model for a TEQ under converging conditions. This is the
log likelihood ratio (LLR) enhancement model that describes the evolution of the extrinsic information as
observed at the equalizer output. The LLR becomes a monotonically increasing function of the signal to noise
ratio (SNR) from the no apriori condition to the perfect apriori condition about the transmitted bits.
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I. INTRODUCTION
The turbo equalizer (TEQ) [1-11] is a baseband signal processor that combines the tasks of
equalization and channel decoding in a closed loop by using turbo principles. The equalizer takes
care of intersymbol interference (ISI) that arises because of either a poor channel frequency response
or the multipath nature of a mobile radio channel. The channel decoder corrects random errors that
corrupt a given transmitted data stream caused by AWGN. Both the equalizer and the decoder
generate LLR of each bit as present in a given transmitted data stream. The extrinsic information is
derived from the LLR by subtracting the apriori information about a given bit. Literature on TEQs is
mostly confined to finding low complexity architectures for the equalizer [12][14-19], application of
TEQs to different channel types[21-28], improving the performance of the equalizer [29-30] and
proposition of different performance measures [13][20] in order to study the convergence behavior of
the TEQs. A generic model that captures the operations of a TEQ still seems to be missing in
literature. It is with this view that we have attempted to describe the TEQ operation by developing a
suitable mathematical model. For all three types of equalizer structures reported in literature, the LLR
enhancement model establishes the monotonically increasing nature of the LLR under converging
conditions. We discuss the problem in section 2 followed by LLR enhancement model in section 3.
Numerical results presented in the section 4 establish the validity of such a model. Finally
conclusions are drawn in section 5. x represents a vector of bits whereas the k-th element of this
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vector is denoted as x k , ln(.) represents the natural logarithm.

II. PROBLEM FORMULATION
The equalizer processes the baud rate sampled samples that contain ISI and AWGN. The matched
filter output samples are expressed as
L −1

zk = ∑ hl xk −l + wk

(1)

l =0

where wk ~ N (0, σ w2 ) , the length of the ISI channel being represented as a finite tapped delay line

hk is L , the x k ’s are the coded interleaved bits as shown in Fig.1.
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Fig 1.Block Schematic of the Binary Turbo Equalizer

The LLR of a bit x k at the equalizer output is defined as a ratio of two conditional probabilities
conditioned upon the observed interference contaminated noisy data vector as given below

Λ Eq ( x k ) = log

p( x k = 1 | z 0 : z N −1 )
p( x k = 1 | z 0 : z N −1 )

(2)

Where z 0 : z N −1 is the N dimensional column vector of received samples z k . For the filter based
TEQ schemes, it is easier to find that, the equivalent operation is interference cancellation that
approaches the true value of interference with respect to iterations provided the TEQ is operating
above the threshold SNR [10]. For trellis based TEQs, the equivalent operation is not very apparent.
Hence, an attempt is made here to provide the answer here.

III. THE LLR ENHANCEMENT MODEL
The equalizer works with the observed data vector z 0 : z N −1 along with the soft input λDec ( xk ) and
generates soft outputs Λ Eq ( xk ) . It has two N dimensional vector inputs of WMF outputs zk and
the apriori information La ( xk ) = λDec ( xk ) of the interleaved coded symbols xk appearing at the
interleaver input. These two vectors are assumed to be statistically independent because of the
presence of an interleaver (usually of sufficient length). The apriori information related to a given bit
x k is defined as

 p ( xk = 1) 
La ( xk ) = ln 

 p ( xk = 1) 
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We derive a generic expression for the LLR of a binary sequence x in (4). For the system under
consideration, the LLR in (2) is recast as

Λ Eq ( xk ) = ln

p ( xk = 1| z )
P ( xk = 1| z )

∑ p ( x, z )
= ln

x:xk =1

∑ p ( x, z )

∑ p(z | x) p( x)
= ln

x : xk = 0

∑
= ln

x: xk =1

∑ p(z | x) p( x)

x: xk = 0

N −1

∑

p (z | x)∏ p ( xj )
j =0
N −1

= ln

∑ p (z | x)∏ p ( x )

x :xk =1

N −1

p ( z | x ) p ( xk = 1) ∏ p ( x j )

∑ p (z | x) p ( x

j

x : xk = 0

x: xk =1

k

x : xk = 0

j =0

(4)

j≠k
N −1

= 0) ∏ p ( x j )
j≠k

The definition of the apriori information about xk in (3) expresses (4) as

Λ Eq ( xk ) = La ( xk ) + λEq ( xk )

(5)

The product part in (4) is the desired extrinsic information that is obtained from the other bits in the
transmitted data stream except the bit under consideration. The extrinsic information is obtained from
(5) by certain algebraic manipulations in the following. The probability of the sequence x of
length N in (6) has been written assuming statistical independence between all xk ’s. The
information gained about the bit xk from other bits in the transmitted data stream is the extrinsic
information by the equalizer is
N −1

∑
λEq ( xk ) = ln

x:xk =1

p ( z | x)∏ p ( xj )
j ≠k
N −1

(6)

∑ p (z | x)∏ p ( x )
j

x: xk = 0

j ≠k

The iterative trellis algorithms update the apriori probability of xk as

p ( xk = 1) =

e La ( xk )
1+ e

La ( xk )

(7)

and

p ( xk = 0 ) =

1
1+ e

(8)

La ( xk )

For the no apriori information, where all bits are equiprobable, the probability of the binary sequence
N

1
x becomes p ( x ) =   , it is same for all sequences and hence, the LLR expressed by (5) reduces
 2
to

∑ p(z | x)
Λ Eq ( xk ) = ln

x: xk =1

∑ p(z | x)

(9)

x: xk = 0

The conventional filter based equalizers work with (9) whereas the TEQ computes and works with
(5). Thus, the TEQ is supposed to be a better performer than the conventional receivers in combating
severe ISI. It is observed from (9) that, for a given WMF output vector and sequence, the LLR in (9)
is a function of only the conditional probability as defined by the numerator or the denominator. For
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given ISI channel taps and noise variance, the two quantities are constant values that can change only
if the nature of the channel changes or the noise power changes. This is analogous to the conventional
soft output decision. For other apriori information as defined by (8), in a sequence of r number of
1’s, the probability of the sequence x has been found to behave as
r

N −r
 e La ( xk )  
1

p ( x ) = Cr 
(10a)
 1 + e La ( xk )   1 + e La ( xk ) 


N

This is further simplified as

(

p ( x ) = N Cr e

La ( xk )

1

r

).

(

1+ e

La ( xk )

)

(10b)

N

By substitution of (10b) in (9), the LLR for an all-zero codeword becomes
N−1

(

)

x:xk =1

k=0

ΛEq ( xk ) = ln

L x

N−1

∑ p( z | x) ∏

x:xk =0

k=0

1

r

∑ p( z | x) NCr ∏ e a( k ) .

(1+e ( ) )
La xk

N

(11)

1

(1+e ( ) )
La xk

N

For correct decision to take place, it should be ensured that,

∑
x: xk =1

N −1

(

p ( z | x ) N Cr ∏ e
k =0

La ( xk )

r

) <∑

p(z | x)

(12)

x: xk = 0

It is obvious that the converging condition of a TEQ is satisfied by (12) if it is true and represents the
enhancement in the LLR of a given bit from its no apriori value. It is also apparent from (12) that, if
an all-zero code word is transmitted, for very small values of SNR, there will be more number of 1’s
in the sequence x and the probability will be higher for 1’s as per (12). This is equivalent to the
equalizer making large number of errors at its output and this situation can not be improved further at
the decoder output. The LLR enhancement becomes more demonstrative by (13) given below

γ k (s k −1 , s k ) =

1
2πσ

2
w




exp  −





 z k − h 0 x k − ∑ h l x k − l
l ,l ≠ 0

2
2σ w

exp (λ Dec ( x k ))


 
 .





(13)

xk

1 + exp (λ Dec ( x k ))

xk

, x k = 0 ,1

For very low values of SNR, the transition probability as defined in (13) attains a very small value
and multiplication of small values of probability with and p ( x ) is not expected to improve the
situation of a small LLR. This is further equivalent to saying that, all sequences are equiprobable and
the TEQ makes an erroneous decision. The effect of the apriori information on the sequence
probability is such that, either (10a) or (10b) becomes higher for a given interference type and noise
variance. Hence, for intermediate iterations, if the TEQ algorithm is converging, either the numerator
or the denominator attains higher values and the LLR becomes a large value. The sequence
probability p ( x ) has a stronger effect on the extrinsic information for a given channel transition
probability which may be observed from (11). This makes a clear distinction between the two
probabilities of (13) and the equalizer produces more reliable information. The transition probability
in (6) dominates the sequence probability for high values of SNR which aids the equalizer in making
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correct decisions. The LLR's about the information bits are used in the final iteration in order to take
a final hard decision through a detection operation:

1 if Λ Dec ( xk ) > 0
xˆk = 
0 if Λ Dec ( xk ) < 0

(14)

For the apriori information aided MMSE filter based TEQ structures, the relationship between the
equalizer LLR values and the MSE has been derived in [13]. The perfect apriori extrinsic
information at the equalizer output is

λ Eq , pap ( x k ) =

2

σ

2
w

(E x
h

k

+ s H wk )

(15)

where E h is the energy trapped in the channel taps and s is a crosscorrelation matrix between x k
and z k .For the no apriori case, the LLR at the equalizer output is

λ

Eq , nap

ˆ
ˆ
(x k ) = ln p(x k | x k = 1) = 2 xk 2µ k
p( xˆ k | x k = 0)
ρk

(16)

where µ k and ρ k2 are the mean and the variance of the equalizer extrinsic information which is
Gaussian distributed. For the convergence of the filter based TEQ algorithm, it is observed that

λEq ,nap ( xk ) < λEq ,iap ( xk ) < λEq , pap ( xk )

(17)

This implies that the LLR at the equalizer output increases from its no apriori value to the perfect
value which establishes the validity of the LLR enhancement model for these kind of TEQ algorithms
also. For the case, λEq ,nap ( xk ) ≈ λEq ,iap ( xk ) ≈ λEq , pap ( xk ) , the TEQ algorithm does not converge
because no enhancement of LLR takes place. Therefore performance improvement with respect to
iterations does not take place.
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Fig.2 Analytical Models for the trellis based and the filter based TEQ schemes

In Fig.2, the upper figure corresponds to the trellis based TEQ and the lower figure is for the filter
based TEQ. The former computes extrinsic information directly from the channel observations while
the latter computes the same from the equalized samples; i.e. after the channel values are subject to
filtering. As filtering removes some ISI, the mean of the soft output corresponding to the latter
scheme has been found to be higher than that corresponding to the first scheme. Similarly, the
variance of the second scheme has also been found to be lower than the first scheme. However, under
asymptotic conditions, both schemes approach identical performance. The decoder has been modeled
as a correlator-estimator in both the schemes.
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IV. NUMERICAL RESULTS
The simulations have been carried out in Matlab with a data block size of 1,00,000 with BPSK
modulation. Recursive systematic convolutional coding of rate ½ has been the channel coding with a
constraint length of 3. A random interleaver of size 20,0000 bits has been used in our experiment.
Performance comparison of the TEQs have been presented for four channel models. These models
include Proakis-B, Proakis-C, fast exponential decaying and slow exponential decaying model. The
respective tap gains for these 4 channel models are given in Table 1. The soft output Viterbi
algorithm (SOVA) has been used as the channel decoder. The MMSE filter used in this work has 3L
number of taps.
Table 1. Tap gains of typical channel models
Channel
No
1

Type of Channel

Tap gains

Proakis-B

2

Proakis-C

3

Slow Exponential
Decaying

4

Fast Exponential
Decaying

0.407
0.815
0.407
0.227
0.460
0.688
0.460
0.227
0.7840
0.5180
0.3422
0.8823
0.4241
0.2069

These channel taps are normalized so that, the sum of the squares of tap gains is equal to 1. Channels
1 and 2 represent the worst possible ISI whereas channel 3 produces interference that decays slowly
and channel 4 is a transmitted bit stream friendly channel as is has a faster decay.

1: Fidelity of the linear MMSE equalizer for no apriori
information for a typical good channel such as channel 3
2: Fidelity of the linear MMSE equalizer for perfect apriori
information for a typical good channel such as channel 3
Fig. 3 Fidelity Comparison for the two extreme cases of apriori information as obtained for a typical good
channel
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The fidelity comparison corresponding to the no apriori and the perfect apriori information about the
transmitted bits at the equalizer input is presented in Fig.3. Fig.3 clearly establishes the
monotonically increasing nature of the LLR values as a function of the SNR for the filter based TEQ.
We note that, for a typical good channel, the gap between fidelity corresponding to the no apriori
case and perfect apriori case is not very significant. This is attributed to the fact that, the residual
interference power after one round of combined equalization and decoding attains a small value
quickly as compared to that for a similar numbered bad channel. The number of eigen values of the
channel autocorrelation matrix that are less than the channel noise variance is small in this case.

1: No apriori fidelity for Proakis-B,
2: No apriori fidelity for Proakis-C,
3: No apriori fidelity for slow exponential decaying channel,
4: No apriori fidelity for fast exponential decaying channel,
5: Perfect apriori fidelity for all the channels

Fig. 4 Mean value of Soft Output at Equalizer for four different channels and the associated perfect apriori mean

The mean value of the extrinsic information at the equalizer output is indicative of its fidelity also.
This is increasing nonlinearly for perfect apriori information as compared to the no apriori
information. For reduced levels of ISI in the channel, for higher SNR, the perfect a priori and the no
apriori mean values of the soft output of the equalizer gradually converge whereas at low SNR, this
difference widens, however by a reduced margin as compared to high level of ISI case as shown in
Fig.4. In a similar vein, the Proakis-C channel, the Proakis-B channel and a slow exponential
decaying channel models are also tried in which the Proakis-C has the widest margin by which the
perfect apriori receiver shows improvement, whereas for slowly decaying channel, it is in between
Proakis-B and that of the fast decaying channel as shown also in Fig.4.
We note that, for a typical bad channel, the gap between fidelity corresponding to the no a priori case
and perfect a priori case is quite significant. This is because of large residual interference and noise
at the output of the equalizer at a given iteration for a bad channel for the non perfect a priori
condition. It is for these channels that a TEQ is a much better performer than the conventional feed
forward and the decision feedback equalizers. We further note that, for all the four channels
specifying varying amounts of ISI, the perfect apriori information condition gives the TEQ the
AWGN performance which means that all the interference suffered by a bit due to a harsh channel
has been taken care of. This is shown by graph 5 in Fig.4.
The fidelity its ensemble average for a typical trellis based TEQ as computed from (6) is shown in
Fig.5.
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Fig.5 Plot of fidelity and its ensemble average for trellis based TEQs

The iteration wise time average of the equalizer soft output λEq is plotted with respect to value of the
soft output λEq in Fig.5 which indicates that for higher values λEq , the time average of the soft output
asymptotically converges to 1. However, the average convergence, as shown in Fig.5 indicates that
the average of m approaches unity value for iteration wise time average of λEq approaching a value
greater than or equal to 3. This in turn gives an interesting phenomenon of convergence that helps in
error free decoding with fewer numbers of iterations in an average sense.

V. CONCLUSION
An LLR enhancement model is presented for both trellis and filter based TEQs that describes the
evolution of the extrinsic information at the equalizer output. This is observed to be a monotonically
increasing function from the case of no apriori information to the perfect apriori information. The
objective of the TEQ is to operate the receiver over the range from no apriori to perfect apriori
condition at a given SNR. However, this model is valid for converging TEQ operation. Under very
low values of signal to noise ratio, this model may not be appropriate as the residual interference and
noise in a bit after equalization may prevent it from approaching its true LLR value.
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